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Introduction 
We show that the strong shape theory of compact metrizable spaces extends in 
a natural fashion to a theory for all topological spaces. Our approach resembles 
the inverse systems approach to shape theory of MardeSiC and Segal. We show 
that if p :X +X is an ANR-resolution of a topological space X in the sense of 
MardeGC, then p determines a morphism in the Steenrod homotopy category 
which is universal (initial) among all morphisms from X to pro-ANR spaces. There 
results a functor from the homotopy category of topological spaces to the Steenrod 
homotopy category which is a lifting or ‘rigidification’ of the corresponding tech 
homotopy category valued functor of shape theory. 
It is generally known that the shape theory of topological spaces can be repre- 
sented in the Tech homotopy theory of inverse systems of ANR’s (or polyhedra, 
or CW complexes if one prefers). This can be stated more precisely as follows. Let 
S : ho(Top) + sh(Top) denote the shape functor defined on the homotopy category 
of spaces. (S is the identity on objects). Then there exist ‘reflective’ functors 
E: ho(Top)+pro-ho(ANR) such that E =E*S where E* is fully faithful. E is 
defined by associating to each space X an ‘ANR-expansion’, px : X + E(X) = X, 
which is a cone of homotopy classes universal among all cones in pro-ho(Top) with 
vertex X and codomain in pro-ho(ANR). It is known that X may always be taken 
as an inverse system of polyhedra (for example, the nerves of normal open covers 
of X bonded by homotopy classes of the canonical projections). 
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MardeSiC [12] introduced the notion of a ‘resolution’ of a topological space and 
proved that every space X has an ANR- (or polyhedral-) resolution p :X +X. In 
this case X is an inverse system of ANR’s (or polyhedra) bonded by maps and p 
is a cone of maps. Thus strict commutativity holds in all triangles instead of 
commutativity up to homotopy. Each ANR-resolution is a morphism of pro-Top 
and gives rise to an ANR-expansion on passing to the Tech homotopy category, 
pro-ho(Top). For a detailed treatment of resolutions of spaces and of pairs see 
MardeSiC and Segal [13, Ch. I, 9 61. 
Steenrod homotopy theory for pro-spaces was introduced by Edwards and 
Hastings [7]. This is a ‘rigidification’ or ‘coherent’ version of the tech theory and, 
viewed abstractly, is a homotopy theory in the sense of Quillen [15]. There is a 
‘localization’ functor L : pro-Top + ho(pro-Top), which is the identity on objects, 
and its range is called the Steenrod homotopy category. The first portion of this 
paper recalls a construction of this functor L and indicates why Steenrod homotopy 
theory is a form of ‘coherent pro-homotopy theory’ (at least for pro-metrizable 
spaces). 
Let ho(pro-ANR) denote the full subcategory of ho(pro-Top) whose objects are 
pro-ANR spaces. The main results of this paper are the following theorems. 
Theorem 1. Let X be a topological space and p :X +X an ANR-resolution of X. 
Then L(p) is a ho(pro-ANR)-reflection of X. 
By a result of MardeSiC [12] each space X admits a canonically associated 
ANR-resolution px :X +X. Thus the universal property of L(px) permits the 
definition of a ‘reflective’ functor R : ho(Top) + ho(pro-ANR) in the usual way: 
R(X) =X, and for u :X + I’, R(u) = u is the unique morphism such that uL(px) = 
L(PY)U. 
Theorem 2. There is a ‘strong shape’ category and functor sS : ho(Top) + sSh(Top) 
(where sS is the identity on objects) and there is a fully faithful functor R * : sSh(Top) + 
ho(pro-ANR) such that R = R*(sS). For compact metrizable spaces, the restriction 
SS 1 ho(CM) : ho(CM) + sSh(CM) agrees (up to isomorphism) with the strong shape 
functors defined by various other authors [4, 6, 9, 15, 21. 
Proof. Simply define sS and R * so that R *(sS) is a full image factorization of R. 
The second half of Theorem 2 follows from results of [3, Section 21. 
The proof of Theorem 1 is given in Section 3 of the paper. We begin in Section 
1 by developing those rudiments of Steenrod homotopy theory that are appropriate 
for our limited needs. A more complete exposition may be found in [7]. In Section 
2 we obtain several technical homotopy theoretic results about pro-metrizable 
spaces and pro-ANR spaces in particular. We also briefly indicate the relationship 
between Steenrod homotopy theory and coherent prohomotopy. 
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1. The functor L 
Let Top denote the category of topological spaces and continuous maps regarded 
as a full subcategory of the associated pro-category, pro-Top. Recall that the 
morphisms of pro-Top (indeed of any pro-category) are completely determined by 
the following ‘continuity’ properties: Let X = {X,},En be an object of pro-Top (the 
notation for the bonding maps being suppressed). Then there is a cone of ‘projection’ 
morphisms (oh :X +XA)hc,, which induces bijections: 
1.1. pro-Top& B) = cy$rr Top(X,, B) for B E Top 
(each f :X + g is the ‘germ’ of some map fA :X, -, B, f = fflA), and 
1.2. pro-Top(A, X) = &y pro-Top(A, X,) for A E pro-Top 
(each g : A +X is the limit of a unique cone (g* =pd : A + XA)*.J. 
If K is a locally compact Hausdorff space, then the adjoint functors ( -) x K and 
(m)” on Top extend in a natural fashion to a pair of adjoint functors on pro-Top. 
In particular, there is a ‘cylinder’ functor ( - ) xl and a ‘path space’ functor (e)’ 
defined on pro-Top and the usual relation of homotopy of maps extends naturally 
to a relation of homotopy of morphisms in pro-Top. If f :X + Y is a morphism, 
we write [fl for its homotopy class and write [X, Y] for the set of homotopy classes 
of morphisms from X to Y. The quotient of pro-Top under the homotopy relation 
is denoted r(pro-Top) and we write CIT :pro-Top+r(pro-Top) for the quotient 
functor. 
1.3. Definition. A morphism i : A +X is called a trivial cofibration if it has the 
‘left lifting property’ (LLP) with respect to every fibration of topological spaces 
p : E + B. (Here and throughout the paper ‘fibration’ will mean Hurewicz fibration 
of topological spaces). This means that every morphism pair (f, g) : i + p admits a 
‘lifting’ h :X + E such that f = hi and g = ph. 
f 
A-E 
X-B 
I 
1.4. Remarks. (1) It may be shown without uncle difficulty that the trivial cofibra- 
tions thus defined are the same as those defined by Edwards and Hastings [7, 
Definitions 3.3.11. 
(2) By a result of Strom [17, Proposition 11 a map of topological spaces, regarded 
as a morphism of pro-spaces, is a trivial cofibration if and only if it is a closed 
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cofibration and homotopy equivalence. Thus Definition 1.3 is a natural extension 
of the latter notion. Using the continuity property 1.1 it is readily checked that if 
i :A +X can be represented by a level system of maps (i* :A, + Xh)hc,, which are 
trivial cofibrations, then i is a trivial cofibration. 
It is known that pro-Top is closed under finite colimits [7, Proposition 3.3.51. 
Hence for each morphism i : A -P X there is a ‘cofibered sum’ for the diagram below: 
IXj I 
I 
I 
I 
I 
: 
AxI----- - + Xxiu’A >:I 
(i : i = (0, 1) G I) and there is an induced morphism 
i’:Xxiu’A~l+XxI. 
1.5. Lemma. If i is a trivial cofibration, then so is i’. 
Proof. i’ has the LLP with respect to p : E + B if and only if i has the LLP with 
respect to p’: E’ + E’ X’ B’. (See, e.g., [18, Theorem lo].) 
1.6. Definition. An object 2 of pro-Top is called a fibrant pro-space if, for every 
trivial cofibration i :A +X and morphism f :A + 2, there exists an ‘extension’ 
f* :X + Z satisfying f = f*i. 
Using Lemma 1.5 it is readily shown that the extension f* is unique up to a 
homotopy stationary under i. In similar fashion one shows the following: 
1.7. Lemma. If i :A +X is a trivial cofibration, then [i] induces a bijection 
[i]” : [X, Z]+ [A, Z] for every fibrant pro-space, 2. 
Certainly every topological space 2 is a fibrant object of pro-Top, since 2 +{O} 
is a fibration, but this is not true for arbitrary pro-spaces. However we do have 
the following result due to Edwards and Hastings [7, (4.3.1)]. Recall that a directed 
set A is said to be cofinite if each index A E A has at most finitely many predecessors. 
1.8. Proposition. Every pro-space X admits a trivial cofibration ix :X + k where d 
is fibrant and has the following special form: J#? = {& p^,“‘, A} is an inverse, sy_stem 
indexed over a cofinite directed set A, and for each A’ E A the bonding maps 6: :X,* + 
i&, A < A’, induce a jibration 
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1.9. Remarks. (1) A particular construction of ix in case X is an inverse system 
of metrizable spaces is given in Section 2 below. 
(2) It is easy to verify that an inverse system X of the form indicated above is 
in fact fibrant. Indeed, let i :A + Y be a trivial cofibration. By 1.2 it suffices to 
show that for each cone (f* :A +.%A),,, there exists a cone (f? : Y +_&),,, such 
that f* =fTi for each A E A. Such a cone may be constructed by induction as follows. 
Suppose the morphisms f: have been defined for all A E A such that h has at most 
k predecessors where k 2 0. (This is clearly possible if k = 0). Then for each A ’ E A 
having exactly k + 1 predecessors there is a commutative diagram: 
i I I 
1 
Y-lim X, 
lim f: 
*<A’ h<A’ 
and we define f: to be a lifting for this diagram. 
Let (pro-Top)r denote the full subcategory of pro-Top generated by the fibrant 
pro-spaces. Making use of Lemma 1.7 and Proposition 1.8 and some elementary 
category theory we obtain the following result. 
1.10. Proposition. There exists a (reflectiue) functor F : r(pro-Top) + rr(pro-Top)r, 
left adjoint to the inclusion functor, having adjunction morphisms [ix] :X + F(X) = _%? 
with ix a trivial cofibration for each pro-space X. 
1.11. Definition. The Steenrod homotopy category, ho(pro-Top), is the full image 
of the functor F. Hence there is a functor L’ : ~(pro-Top) + ho(pro-Top) which is 
the identity on objects and there is a fully faithful functor F*: ho(pro-Top)+ 
~(pro-Top)r such that F = F*L’. We define L : pro-Top+ ho(pro-Top) to be the 
composite functor L’rr. 
1.12. Remarks. (1) Observe that if f : X + Y is a morphism of pro-Top, then L(f) 
corresponds to [iyf] under the bijection 
[ix]#F$,y : ho(pro-Top)(X, Y) = [X, Y]. 
(2) Recall that a functor L : %Y + 9 is said to localize V at a class of morphisms 
S c mor % if it is universal (initial) among all functors with domain % which carry 
S into isomorphisms. In this case L is unique up to isomorphism in the category 
of functors under %. Using the properties of reflective functors one can show that 
L’ localizes T(pro-Top) at the class of all morphisms [i] such that i is a trivial 
cofibration (see, e.g., [8, Proposition 1.3, p. 71). It follows that L localizes pro-Top 
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at the class of all trivial cofibrations. Edwards and Hastings [7] show that L localizes 
at the class of all morphisms which can be represented by level systems of homotopy 
equivalences. 
2. Construction of ix for pro-metrizable spaces 
We now present a specific construction of the morphism ix :X +$ in the case 
where X is an inverse system of metrizable spaces indexed over a cofinite directed 
set. Although somewhat technical, it is quite useful for certain arguments in the 
sequel, and moreover it enables us to see a clear relationship between Steenrod 
homotopy and ‘coherent pro-homotopy’ (see, e.g., Vogt [19]). 
Let X = {X,, pi’, A} be an inverse system of metrizable spaces where A is a 
cofinite directed set. Let K(n) denote the geometric simplicial complex (with the 
weak topology) whose vertex set is A and whose n-simplices are of the form 
(A&. . . ,h”),hlJ<~ * * <A, EA. Let Kin (resp. KhAo) denote the (finite) subcomplex 
of K(A) spanned by all vertices A’ such that A <A’s A,-, (resp. A cA’<AO). Define 
an inverse system %? = {&, pi’, A} and a system of maps (i, :X, + _J?*)*,,, as follows. 
For each A,,EA define X*,, to be that subspace of nA+,X?ro consisting of all 
(c%))hS& which satisfy aA 1 K :P = p ,“‘cT,, for all A G A’ G Ao. Define maps i*, :X,, -D Jzho 
for AOEA by x-(~~:o(~)L~~, where C, denotes the map constant at z. Define 
bonding mapsp^:,6:Xh6 +X*, for AoGAb EA by (~~)~~~g~(a~ IKE”),,,,. 
A straightforward verification shows that _%? thus defined is an inverse system of 
metrizable spaces and that (i A ) AEA is a level system of maps which represents a 
morphism ix : X + k of pro-Top. 
2.1. Remark. It is enlightening to consider the case when X is a net of subsets of 
some space X0. Since all bonding maps are then inclusions, XAO may be identified 
with the subspace of XfBO consisting of all maps r such that a(K:“) GX~ for all 
A GAO. 
Observe that for ho E A the finite inverse limit limb,,, _& can be identified with 
the subspace of nA<AoXfr*o consisting of all (T~)~<~~ such that rA IK,?” =p:‘~~, 
for all A == A’<A,. Making this identification the map 
is given by bh)h~Ao-(uA IK?“)AcAo. Now &, may be identified with the subspace 
of -K, X (lim <*0 XA)’ consisting of all pairs (x, w) such that 
w(O) = (jim 
0 
p^i”)iA,(x) = (?$I~ i*p:O)(x). 
[Identify (a*)*+, E_&, with the pair (aA,( w) where w = (o~)~<~~ and wA :I + 
X fhho is given by wA(t)(z)=(+h((l-t)Ao+r~) for tel, z EK~~o.] Making this 
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identification, we see that limA,*, $?’ is now given by (x, O.I)H w(l) and that 
i,, :XhOs&, is given by x H (x, c(x)) where c(x) is. the path constant at the point 
(limA<ho i*pi~)(x). Thus the maps limA,*,pA *‘O and i,, and the space &, are obtained 
from the map limhchO iApt in the usual manner by ‘turning it into a fibration’. (See, 
e.g., [16, Theorem 9, p. 991.) Thus lim~,ho@~O is a fibration and i,, is a trivial 
cofibration. (It is here that the metrizability of X*, is used to guarantee that i,(X,,) 
is a zero set in &,, a necessary condition if i*, is to be a cofibration. See, e.g., [5, 
p. 328, Theorem 7.41. It now follows from 1.9 that 2 is fibrant and that ix :X -+_$ 
is a trivial cofibration. 
Let A be an arbitrary pro-space. Then a morphism from A to X in the Steenrod 
homotopy category can be represented uniquely up to homotopy by a morphism 
f:A +$ (see Remark 1.12 (1)). Let (fh :A +Jih)hc,t denote the associated cone. 
Then, for A G A~ E A, fhO determines by adjointness a unique morphism +iO : A x 
K i” + X, such that 
&“,flA xKi” =p:,&i” for A’sA ~AocAb. 
Conversely, a family {+i”} satisfying the above condition determines a unique 
morphism f. Now such a family determines (and is determined by) the following data: 
(1) Morphisms : 
g, =+;:A x(A)=A+X, forA EA. 
(2) Homotopies : 
H ,,,,=~:‘IAx(A,A’)zAxI~X, forA,A’E& 
H,,,*:f, =d’w. 
(3) Higher homotopies : for example, 
+;“(A x(A,A’,A”), A <A’<A”EA, 
defines a higher homotopy 
HA.*’ * P;‘H~‘,~” = Hh.h” 
which is stationary on A x {A, A”}. 
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2.2. Remark. If A is a topological space, then a morphism f :A +_$ can be 
identified with its limit lim,*,, f* : A + imA,,, X* in Top. Thus, if X is a net (Remark 1’ 
2.1), then f can be identified with a map C#J : A x K (A) +X0 satisfying q5 (A x 
00, . . . , A.))c_X,, for every simplex (Ao, . . . , A,) of K(A). 
The next two propositions are basic for an understanding of the Steenrod 
homotopy theory of pro-ANR-spaces. 
2.3. Proposition. If X is an object of pro-ANR, then X admits a trivial cofibration 
ix :X +X where X is a fibrant inverse system indexed over a cofinite directed set A 
and for every index AOE A the bonding maps of 2 induce a fibration of ANR’s 
X*, + lim, <A o X*. In particular, _%? is a fibrant object of pro-ANR. 
Proof. We may assume without loss of generality that X is an inverse system 
indexed by a cofinite directed set A (see [ 10, Theorem 7.11). With ix :X +$ defined 
as in the beginning of Section 2, it suffices to prove that Jib,, and lim,,,, _& are 
ANR’s for each A0 E A. This follows from the claim below. 
Claim. Let F c A be a finite subset such that A0 E F and A < A0 implies A E F. 
Then lim* EF X,, is an ANR. 
Proof of Claim. Let Kc denote the finite subcomplex of K(A) spanned by all 
vertices A ’ E F such that A c A ‘. Then lim hEFXA 
of rI,,,XY 
may be identified with the subspace 
consisting of all (T~)*~~ such that TRIKE, =p?‘~~, for all A sA’EF, 
Let (A, B) be a pair of metrizable spaces such that B is closed in A and let 
f :B+lim *,,X* be a map. We must show that f has a neighborhood extension. 
Let qSh :B x KF +X, denote the adjoint of the component of f mapping B into 
X f:. Then it will suffice to produce a system of neighborhoods {IY,,}*~~ of B in A, 
with U, E U,,, for A <A’, and a system of maps 4: : U, x KF +X, extending the 
c$~‘s uch that 
For then, by adjoint considerations, we will have a map f*:fL.FU* +lim~E~X~ 
extending f. We prove this by induction on the dimension of K?. Assume the 
construction complete for all A E F such that dim Kf G k, where k 2 0. (If k = 0, 
then Kr is a singleton and we let q5: : Uh X KF +X, be a neighborhood extension 
of qSh). Then for each A EF such that dim Kr = k + 1 we have a map 
defined by 
foraEB,zEKr, 
phq5:,(a,z) foraEU,,,zEKF,. 
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Let 4: be an extension of $A over a neighborhood V of dom J/* in A x KF. Choose 
VA to be a neighborhood of B in nh,,, VA, such that VA xK~ c V and set 
4: =+fIUhxK:. 
2.4. Proposition. Let i : A +X be a morphism of pro-Top which has the left lifting 
property with respect to all fibrations of ANR’s. 
(1) If Z is a jibrant object of pro-ANR, then each morphism f :A +Z has an 
extension f* :X + 2, f = f*i, and [i] induces a bijection [i]" : [X, Z] + [A, Z]. 
(2) L(i) induces a bijection L(i)# : ho(pro-Top)(X, Y) + ho(pro-Top)(A, Y) for 
every Yin ho(pro-ANR). 
Proof. Observe that (2) follows directly from (l), Proposition 2.4 and Definition 
1.11 of L. To see (1) let iz : 2 + $ be as in Proposition 2.3. Since 2 is fibrant, it 
is a retract of 2. Thus f extends if and only if izf extends. But i,f extends (see 
Remark 1.9 (2)). It follows from an analogue of Lemma 1.7 that [i]” is bijective. 
3. Proof of Theorem 1 
We are now in a position to complete the proof of Theorem 1. 
Before recalling MardeGC’s notion of ‘resolution’ we introduce some ter- 
minology. Let Y be a topological space and “Ir an open cover of Y. Maps f, g :X + Y, 
where X is a topological space, are said to be ‘V-close if, for every x EX there 
exists V E Y such that f(x), g(x) E V. If H :X XI + Y is a homotopy, then H is 
said to be V-small if, for every x E X there exists V E 7r such that H({x} X 1) E V. 
Now suppose that X = {X A } AE,, is a pro-space and let (p* :X +Xh)r\E,, be the cone 
of projection morphisms. Morphisms f, g :X + Y will be called V-close if there 
exists A E A and V-close maps fA, g, :X, + Y such that f = fAph and g = g,p,. A 
homotopy H :X x I + Y will be called V-small if there exists A E A and a V-small 
homotopy Hh : X,, x I + Y such that H = HA (p* x I). 
3.1. Definition. A morphism q :X +X of pro-Top, where X is a topological space, 
is called a resolution of X if it satisfies the following conditions with respect to any 
ANR, P. 
(Rl) For every open cover “Ir of P and for every map f :X * P, there exists a 
morphism f : X + P such that f and fq are V-close. 
(R2) For every open cover ‘J!.! of P there exists an open cover “Ir of P such that, if 
f, f’ :X + P are any two morphisms with fq and f’q “Cr*-close, then f and f’ are 
%-close. 
An AhTR-resolution of X is a resolution q :X +X where X is a pro-ANR space. 
3.2. Remark. The definition given above is not the same as MardeSiC’s original 
definition, but the two are equivalent. (See [ll] or [13, Ch. I, Section 61.) 
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3.3. Lemma. Let q :X + X be a resolution of Xand let 4 : P + Q be a map of ANR’s. 
Then for every morphism pair (f, g) : q + C$ there exist a morphism h :X + P, 
homotopies F: f = hq and G: c$h = g, and a higher homotopy 0: 4F * G(q x 1) = 
C,, rel X xi, where C,, = C4f denotes the stationary homotopy from 4f to gq = 4f. 
[@ : (X x I) x Z + Q satisfies the following conditions : 
foreachxEX;andfors,tEI,xEX 
@(x9 t, 1) = 4f(x) = k)(x) = @(x, 0, s) = @(x7 1, sI.1 
Proof. We may assume that P and Q are neighborhood retracts of a convex set 
M in some Banach space, [l, (8.1), p. 791. Say, P is a retract of U and Q a retract 
of V. Then it is elementary to find a map 4 * : U + V and map pairs (Y : q5 + q5 *, 
p :t$*+q3 such that pa = l,, the identity map pair. Thus 4 is a retract of 4* and 
one checks that the lemma holds for (f, g) : q + 4 if it holds for (Y (f, g) : q + 4 *. We 
therefore assume that P, Q are open subsets of a convex space A4. Let % be a cover 
of Q by open balls and let “zr refine % satisfy (R2) of 3.1. Let w be a cover of P by 
open balls which refines 4-‘V. By (Rl) there is a morphism A :X + P such that f 
and hq are ?V-close. Let F: f = hq be the straight line homotopy. (F is a homotopy 
in P since the members of “19” are convex.) Now 4hq and 4f = gq are ‘V-close, hence 
by (R2), 4h andg are %-close. Let G: 4h =g be the straight-line homotopy (again, 
a homotopy in Q). Now G(q x 1) is homotopic to +F traced in reverse by means of 
a %-small straight-line higher homotopy in Q, and hence there is a homotopy 
@:4F*G(qxl)=C,,relXxi. 
Theorem 1 now follows immediately from the next proposition. 
3.4. Proposition. Let q :X + X be a resolution of a topological space X. Then q can 
be factored q = ri where L(r) is an isomorphism and where i has the LLP with respect 
to all fibrations of ANR’s. In particular, L(q) induces a bijection L(q)” : ho(pro- 
Top)(X, Y) -+ ho(pro-Top)(X, Y) for all Yin ho(pro-ANR). 
Proof. Let X = {X~}~En and let qh :X +X, denote the Ath component of q. Let 
xi^-M, &x, 
i* 
be a mapping cylinder factorization of qA. Thus r,, 1, = q*, r,, jA = ix, and there is a 
canonical homotopy DA : j,,r,, = 1,. Moreover ih and jA are cofibrations. This data 
gives rise to a diagram in pro-Top 
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with ri = q, rj = lx and there is a canonical homotopy D: jr --- 1,~. Thus [r] = [j]-’ 
is an isomorphism in r(pro-Top) and hence L(r) is an isomorphism in ho(pro-Top). 
It remains to show that i has the LLP with respect to all fibrations of ANR’s. 
So let (f, g) : i + p be a morphism pair where p : E + B is a fibration of ANR’s. 
Claim. There exist a morphism h : M + E, homotopies F: f = hi and G: ph = g,, 
and a higher homotopy pF * G(i X 1) = C,, rel X X i. 
Before proceeding to the proof, we show how the claim is used to produce a 
lifting for (f,g). By the continuity property 1.1 we may assume without loss of 
generality that M = M is a topological space, g = g, h = h and G = G are maps, 
and that i = i is a cofibration. Now, using the homotopy extension property of i, 
find a homotopy F*: f* = h where F* extends F and f* extends f. Then 
(pF*) * G :pf*=g and 
((pF*) * G)(i X 1) =pF * G(i X 1) = Cgi = C,(i X 1) 
by a higher homotopy stationary on X Xi A second application of the homotopy 
extension property therefore gives a higher homotopy (pF*) * G =H, where 
H :pf* = g and H(i x 1) is stationary. Since p is a fibration and i is a cofibration, 
there exists a homotopy fi lifting H such that fi(i x 1) is stationary and fiO =f*. 
Then fil = g’ satisfies pg’ = g and ii = f, and hence (f, g) has a lifting. 
Proof of Claim. Consider the diagram 
f 
X-E 
and let D: jr = I,+, be as above. Then gD(i x 1): gjq -pf, and since p is a fibration, 
there exists a homotopy H such that pH = gD(i X 1) and HI = f. Let f’ = HO and 
g’=gi. Then (f’, g’):q sp is a morphism pair. By Lemma 3.3, there exist a 
morphism h’ :X + E, homotopies F’: f’ = h’q and G’: ph’= g’, and a higher 
homotopy pF’ * G’(q x 1) = C,, rel X xi. Let a(f) = 1 -t for f E I and set h = h’r, 
F = H(l x (Y) * F’ and F = G’(r x 1) * go. The claim follows. 
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